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ABSTRACT
The possibility of the complete controllability of dynamic oligopolies is examined as a mathematical model of the governmental control of industries by taxation and cost subsidies. Cases are shown when the system is completely controllable as well as cases when no control is possible.

INTRODUCTION

The mathematical analysis of industries is usually based on the theory of oligopoly. There is a very extensive literature on the existence and the uniqueness of equilibrium as well as on the dynamic behavior of such markets. A comprehensive summary of most important results can be found in Okuguchi (1976) [2], Okuguchi and Szidarovszky (1999) [3] and Bischi et al. (2009) [1]. There is however only few works on the possibility of governmental control of industries. In this paper we will examine the controllability of dynamic oligopolies by cost subsidies and taxation.
THE MATHEMATICAL MODEL
Given n firms in an industry that produce identical good or offer identical service to a market. Let 
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denote the output of firm k, 
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 its cost function, and if the control of the government is done through taxation or cost subsidies, then the cost function modifies as 
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, where u is the control variable of the government. The market price is assumed to depend on the total output of industry due to the supply-demand balance, so the price function is assumed to be 
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. So the profit of firm k can be given as 
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where 
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is the output of the rest of the industry. If at any time period the industry is in an equilibrium, then no firm has the interest to move away from the equilibrium, so it is the steady state of the system. Otherwise at least one film will change its output level, so the industry reaches a new state. If it is an equilibrium, then it is the steady state, otherwise at least one firm changes output level again, and so this process continues resulting in a dynamic system. The usual way of modeling this dynamism is the assumption that the firms change their output levels in proportion to their marginal profits. If the marginal profit is positive, then the increasing output level results in higher profit; if the marginal profit is negative, then higher output level will decrease profit. Mathematically this concept can be described as   
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(2)                                     
for k=1, 2, …,n. This is an n-dimensional system with state-coefficient matrix
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and input-coefficient matrix
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The controllability of this system will be examined in the next section.

CONTROLLABILITY OF THE SYSTEM
It is well know from systems theory that system (2) is completely controllable if and only if the Kalman matrix 
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(5)                                                                      
has full rank n [4].

If the firms have identical speeds of adjustment, then
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matrix with all elements being equal to unity. So, 
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Notice that
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so for all 
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(8)                     
which is a linear combination of 
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 by relations (7). Consequently all columns of the Kalman matrix are linear combinations of 
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is at most 2. Therefore if 
[image: image32.wmf]3

³

n

, then the system is not controllable. In the case of n=2, 
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so
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which has full rank if and only if its determinant is nonzero:
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which is equivalent by assuming that 
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. Therefore a two-firm oligopoly with symmetric firms is also uncontrollable.

Consider next the case of two firms with different speeds of adjustments. In this case
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(12)                    
and the Kalman matrix has the form
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with determinant
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This expression is nonzero if and only if
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Hence controllability maybe lost if the ratio of the speeds of adjustment has a very special value. 
In the general case of n>2 the condition becomes much more complicated, they can be derived in the same way as it was demonstrated above.

CONCLUSIONS
This paper has shown that complete control of industries is not always possible by taxation and cost subsides. Such case occurs when the firms select identical speeds of adjustment, or in the two-firm case when the ratio of the speeds of adjustment has a special value.
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