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ABSTRACT 

 

A longitudinal probabilistic model is developed to forecast student performances. We discuss how it can 

be used to identify student segments that potentially need support systems in order to prevent them from 

becoming academic failures. The model is a tool for educational administrators to anticipate how well 

academically the student body will do as a whole in the future within a university system or a college 

campus and to device adequate remedial plans ahead of time to make course corrections. It is believed 

that the model will help explore innovative strategies in achieving quality education and maintain 

consistent student performance. 

 

INTRODUCTION 

The most commonly used method today in measuring a student’s academic performance is the Grade 

Point Averaging (GPA) system. Many institutions enforce a minimum grade requirement before 

permitting students to graduate.  Also, educational decision-makers accept the fact that a certain segment 

of students are misfit for academics and will not graduate. However, they do make an effort to control 

the size of such a student segment and try to apply resources both through human and material 

interventions. But during the economic times such as ours where multiple demands compete for scarce 

resources, a better approach is to innovate novel methods in managing every educational undertaking 

from a strategic and long-term perspective. 

 

This research looks at student performance as measured by grade point averages in sequential intervals 

and proposes a methodology to construct a transition matrix that captures the probabilistic movements of 

GPA over time. It may not be possible to forecast a student performance exactly based on past data but it 

is reasonable to assume that transition probabilities can be helpful with such prediction. The benefit of 

this approach is that administrators can assess ahead of time the size of students in the various grade 

categories and how they could trend over the long haul. This can help identify student segments that are 

performing below par and lead to developing a remedial strategy with proper intervention programs so 

that student performance at the institution as a whole can be maintained. 

 

BACKGROUND 

Early applications of mathematical modeling in the education field were mostly deterministic [4]. They 

lacked the inclusion of statistical theory but they were useful in describing and predicting situations 

where limited number of variables were based on some fixed proportionality relationships. For example, 

in a local setting with a homogeneous student body, a deterministic model can be constructed without 

much sophistication to predict enrollments in specific degree programs from one quarter or semester to 

another based on the knowledge that students go through a prescribed path of sequential courses often 

the earlier ones acting as the prerequisites for the latter [1]. However, for the same problem if students 
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transfer across educational institutions with different levels of educational background and preparation, 

it would require a more rigorous and probabilistic approach such as simulation to get a better idea of the 

continuing enrollments since it would be difficult to predict the success rates at each level of coursework 

on the path to graduation [2]. More recently transitional analytic techniques such as Markov chains have 

been applied to longitudinal data in medicine, economics and educational measurement [3][5]. This 

methodology is used in this research to develop a longitudinal probabilistic model for predicting and 

managing student performance. 

 

Mathematical models have been applied to educational problems from time to time even though 

administrators in educational institutions generally tend to believe behavioral research methods are 

better suited in such an effort [6]. In the past, researchers have applied mathematical modeling to 

education at both at micro and macro levels. While the micro-educational models focus on predicting the 

individual teaching/learning processes, macro models deal with issues such as planning and budgeting 

typically external to classroom. Investigators at both levels have used deterministic, probabilistic, 

regression and linear programming approaches as well. 

 

THE MODEL 

Calculation of transition probability matrix 

We assume that students take classes in a university that follows a quarter system. The beginning of the 

first quarter that the student starts coursework is referred to as t=0. Students earn a GPA for each 

quarter. We denote the GPA using the random variable X. GPAs can take values in the range [0,4]. 

GPAs are grouped into four categories. These categories are referred to using the index i where i=1,2,3 

or 4. Category i=1 consists of GPAs in the range [0,1); Category i=2, [1,2); Category 3, [2,3); and, 

Category 4, [3,4]. The notation '[' indicates a closed interval whereas ')' indicates an open interval. We 

classify students who received a grade of F as i=1, D as i=2, C as i=3, and (B or A) as i=4. We did not 

create a separate category for an A grade since it does not have an interval of its own being limited to 

the single GPA value of 4.0. We refer to the quarter as the trial interval and the GPA category as the 

state of the system. As an example, a student who received a C at the end of first quarter can be 

notationally represented as X1= 3.  

 
Figure 1   

Transition graph showing states of grades 

 

As a student progresses through the quarters, he or she transitions among different states or remains at 

the same state. We can compute the transition probabilities as follows. Suppose we have historical 

values of X's (ie., GPA category data) on students over n periods. In determining a transition probability 

of moving from an initial category state i at time t, to state j at time t+1, first we count all adjacent pairs 



of X across all n that started with same state i in a given period and ended in the same state j in the next 

period. We then count all pairs of X that began in state i irrespective of their state in the next period. 

Their ratio represents the transition probability, pij, the probability of making a transition from state i in a 

given period to state j in the next period.  

The general formula for pij can be written in the following form, 
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where 1 is the indicator function.  

 

Through repeated application of the above formula for every starting and ending state pair, we can 

derive the complete transition matrix. Since we have four states in our application, the transition 

probability matrix P will look as follows. 
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The sum of probabilities in each row of a transition probability matrix is 1. Further, each row represents 

a conditional probability distribution. The diagonal probability values represent the consistency with 

which students maintain the same GPA from one quarter to next. The other values if high would indicate 

that students tend to fluctuate in their grades. If P is derived using a large set of empirical data, it is 

reasonable to assume that the transition probabilities will become stable and homogeneous. Absorbing 

states are not considered because we presume that by effectively managing student performance, the 

theme of this paper, students will bounce back to improved grades in subsequent quarters or at best 

dropouts will be minimal. 

 

Calculation of state probabilities 

 

Suppose that initially s1, s2, s3 and s4 are the percentages of students in states i= 1,...,4 respectively. Let 

π(t) represent the state probability when the system is in state i at time t. Thus, the vector of initial state 

probabilities can be written as,  

 

П(0) = [π1(0)   π2(0)   π3(0)    π4(0)] = [s1   s2   s3   s4] (2) 

 

Since we know the transition matrix P, we can calculate the state probability for any future quarter using 

the relationship, 

 

П(t) = П(0).P
t     

(3)
 

 

As t gets large, the values of П become independent of the initial state of the system. This is due to 

memoryless property of the Markov chain and its dependence only on the immediately precedent state. 

They also tend to converge leading to steady state probabilities. Thus, we can drop the references to t 

and rewrite equation (3) as,  

 

[π1   π2   π3    π4] = [π1   π2   π3    π4].P  (4) 

 



This gives us a system of linear equations to solve for π’s. We also use the fact that the steady state 

probabilities, π1 through π4 add to 1. Solving for the π's is generally not a major issue since a computer is 

most often used in generating a solution. 

 

Calculation of long run number of students in each grade category 

 

Note that π1 through π4 represent the percentage of students in each of the grade categories at steady 

state. If there were a total of N students in system, we can calculate the number of students who will be 

in the various grade groups according to the proportion of the above π’s. All we have to do is to multiply 

each πi  by the total number of students N. 

 

MODEL APPLICATION 

 

In order to give a feel for the movement of the various π’s in each period, we simulated GPAs of 20 

students over 12 sequential quarters. A period of 12 quarters is considered the normal time span from 

admission to graduation. The graph shown in Figure 2 focuses only on the π1 and π2 values, each of 

which represent the percentages of students in the total campus population who are at GPA levels of F 

and D respectively. 

 

 
 

Figure 2     

Proportion of students in D and F grades over 8 periods 

 

The reason for showing only the D and F grades is because these are the student groups that need the 

most help and majority of the administrators will be concerned about them. According to Figure 2, there 

were 26% of the student population in the F grade group and 36% in the D grade group at time zero. 

Based on the transition probability matrix calculated as per equation (1), the values of П were calculated 

using Equation (3) for the future periods. The graph shows the first 8 time periods of interest within 

which stationary transition probabilities appears to have been reached. It can be seen that the proportions 

of students appear to stabilize at 24.3% for F and 34.1% for D grades. Left on its own without any 

interventions programs on the part of the educational institution undertaken by the administrators, there 
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seems to be only a slight improvement in the reduction of D and F grades as a proportion of total 

students between time t=0 and t=8. This is a sobering prediction of the future performance by students. 

 

MANAGING STUDENT PERFORMANCE 

 

Intervention programs 

 

There are many possible strategies available to educators to reduce the fail rates and improve student 

performance. These include targeted counseling, assigning dedicated faculty mentors to those in need, 

providing free tutoring, reducing class sizes or creating special class meetings for the weaker students 

and even instructor training workshops taught by external consultants or faculty who had demonstrated 

their teaching techniques that have worked well in the past with students.  

 

Assessing effect of interventions 

 

Time 0 in Figure 3 represents the point at which a free tutorial intervention program was introduced that 

was in place through time period 3. The graph shows how the proportions of students in D and F grades 

change as a result. Between time 0 and time 2, the intervention program has a marked effect on student 

performance and the negative slopes of the curves indicate a steep reduction in the proportions of 

students in D and F grades. For example, the proportion of students in D has come down from 36% in 

time 0 to 33.5% by time 2. However, the impact of the intervention seems to be fading after time 2. It is 

not unusual for students to lose the initial enthusiasm as time wears off. Thus, the key to a successful 

intervention is for administrators to consider providing adequate incentives to students so that they 

continue to participate in these programs. After the programs have ended at time 3, the curve seems to 

be reverting to the status quo with the student performances declining and appearing to level out around 

36.5%.  
 

 
 

Figure 3 

Effect of intervention program 
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A similar effect can be observed on the proportions of F. From 26% at time 0, the proportion of students 

with F has come down to 22% by time 3. Certainly the intervention programs had a higher effect on the 

F category of students than the D. However, after the programs end at time 3, the proportion of F picks 

up again but this time settling around 25% which is less than the original value at time 0.  

 

DIRECTIONS FOR FUTURE RESEARCH 

 

The information generated by the above longitudinal transitional analysis can be very valuable for 

educators and administrators in their decision-making processes. With the long run strategy to reduce 

the number students in the D and F grade categories, they can plan appropriate innovative pedagogical, 

tutorial and other remedial strategies. Changes in admission policies, student and instructor incentives 

may also be considered. If the cost of implementing these solutions on a per-student basis is known, it is 

also possible to estimate the budgetary and resource implications. The economic analysis aspects are 

beyond the scope of this paper and are topics for future research. Even though emphasis was placed in 

our discussion with respect to D and F grades alone, it is also important to examine the effect of the 

intervention programs on students who are in the A, B and C grade categories. Since experience shows 

that students in these grade categories are more disciplined learners, they may take better advantage of 

new study support systems offered by their educational institution than those in D and F categories even 

though they are the groups to whom such support systems are primarily intended. It is a hypothesis that 

is well worth testing as part of this future research. 
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