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ABSTRACT 

 
The resource constrained shortest path problem is to find a minimum cost path from an origin node 
to a destination node on a directed network subject to a set of side constraints. The resource 
constrained shortest path problem is NP-complete, so there is no algorithm that can solve it in 
polynomial time. The problem has applications in many areas of business such as in transportation, 
logistics, supply chain management; as well as in computer networks, telecommunications and 
other areas of science and engineering. It usually appears as a subproblem as well, so it is important 
to solve it efficiently. We propose a promising new algorithm that is based on Lagrangian 
relaxation, subgradient optimization and branch-and-bound methods. Our method solves a series 
of unconstrained shortest path problems, which can be solved efficiently. This, together with tight 
Lagrangian lower bounds makes our method particularly attractive. 
 
Keywords: shortest path problem, lagrangian relaxation, networks, side constraints, subgradient 
optimization 

  
 

INTRODUCTION 
 
The resource constrained shortest path problem is an important problem in operations research. It 
has applications in many areas of business such as in transportation, logistics, supply chain 
management; as well as in computer networks, telecommunications and many other areas of 
science and engineering. For example, we may wish to find a minimum cost route subject to a total 
time constraint in a multi-mode transportation network. The problem also frequently appears as a 
subproblem in more complicated problems, therefore it is important to solve it efficiently. The 
problem is shown to be at least as hard as NP-complete problems and it is generic to a class of 
problems that arise in the solution of integer linear programs and discrete state/stage deterministic 
dynamic programs. 
 
The resource constrained shortest path problem is a variant of the classical shortest path problem 
in which the objective is to find a lowest cost path from an origin node to a destination node on a 
directed network ([10], [7], [13]). This problem is easily solvable in polynomial time and it is one 
of the relatively small subset of network flow problems that have this property ([17], [12], [8], 
[1]). Computational comparisons of the existing shortest path algorithms using randomly 
generated networks are provided in [4] and using actual road networks, in [20]. 
 
Many constrained variations of the classical shortest path problem exist. As an example, the path 
may be constrained to include specific nodes, or be constrained to include a specific number of 
nodes (e.g., see [9]), or include nodes within a pre-specified covering distance of every node in the 



 

 

network ([6, 5]). In general, the term ``constrained shortest path problem'' refers to the problem in 
[15] that includes one side constraint that establishes an upper limit on the sum of some other arc 
cost for the path. Unfortunately, the addition of such constraints to the shortest path problem 
generally results in a problem that belongs to the set of problems known as NP-hard (e.g., see 
[14]). 
 
One approach to solve it is utilizing a k-shortest path algorithm and terminating the algorithm 
when a feasible path is obtained. However, this approach is not computationally attractive when 
the terminal value of k  is large. Several algorithms have been developed to solve the k-shortest 
path problem (e.g., [11], [18] and [2]). [3] is the improved version of the k-shortest path algorithm 
proposed in [2]. [15] uses a Lagrangian relaxation approach that reduces the value of the k  needed 
to solve the constrained shortest path problem. Other approaches based on dynamic programming 
(e.g., [16]) have been proposed. However, the Handler and Zang Lagrangian relaxation-based 
method is generally considered the most efficient to date. [19] modifies the Lagrangian relaxation 
approach proposed in [15] and reports improved computational performance. 
 
In this paper, we propose another computationally attractive Lagrangian relaxation based 
procedure, but our approach uses a branch and bound technique. The solution procedure involves 
solving a series of progressively smaller unconstrained shortest path problems, which can be 
efficiently accomplished in practice. 

  
PROBLEM DESCRIPTION 

 
Let G=(N, A) be a directed network consisting of a set N of nodes and a set A of arcs, where |N| = 
n and |A| = m. In this network, an arc from node i to  node j is denoted by (i, j). The cost on  arc  
(i, j) is denoted by cij. Node s is called the source, and node t is called the sink node in this network. 
There are p resources and the amount available for resource k is denoted by sk. An arc (i, j) requires 
qijk  units of resource k if it is included in the chosen path. The resource constrained shortest path 
problem is then to find a minimum cost path subject to constraints on resource usage. The problem 
can be expressed as the following binary integer programming problem: 
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Eq. 1 is the total cost of a feasible path from s to t. Eqs. 2 are the conservation of flow constraints 
that ensure that a feasible solution x defines a path from s to t. Eqs. 3 are the resource constraints 
and Eqs. 4 are the binary restrictions on the variables. 

LAGRANGIAN RELAXATION METHOD 



 

 

 
If we relax the resource constraints (Eq. 3), the resulting problem is a classical shortest path 
problem. As it is possible to efficiently solve shortest path problems, this makes the Lagrangian 
relaxation approach particularly attractive. We define the Lagrange multipliers λk, for k = 1,2,3,…, 
P corresponding to the resource constraints (Eq. 3). Let X be the set of x that satisfy Eqs. 3 and 4. 
We then relax the resource constraints and bring them into the objective function, resulting in the 
following Lagrangian subproblem or Lagrangian function: 
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This can be simplified into the following equation and it is obviously a shortest path problem for 
a given vector of values for the Lagrange multipliers: 
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Let kijijkAjik sxq −∑ ∈),(
=δ  for pk ,1,2,= ! . Then, Eq. 3 could be re-written in the form 0≤δ . 

 
Lemma 1 For any 0≥λ , the value )(λL  of the Lagrangian function is a lower bound on the 
optimal objective function value *z  of the original constrained shortest path problem.  
 
Proof: Let *x  be an optimal solution to the constrained shortest path problem and x̂  ia an optimal 
solution to the Lagrangian subproblem. Then, 

 )ˆ(ˆ)(= **** sxQxcsQxcxcxz −+≥−+≥ λλ  (6) 
The first part of this inequality is because *x  is a feasible solution to the constrained shortest path 
problem, and the second part is because x̂  is an optimal solution to the Lagrangian subproblem.□ 
  
In order to obtain the tightest lower bounds, we maximize the Lagrangian function, i.e. we solve 
the following maximization problem, which is called the Lagrangian dual: 
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In order to solve the Lagrangian dual, we use a subgradient optimization procedure. We use an 
adaptation of the Newton's method in which we update the Lagrange multipliers in a relatively 
large step towards the optimal solution along the subgradient direction. The initial value of the 
multipliers are set to zero, and at every iteration, they are updated as follows: 
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where tθ  is the step size at iteration t . In order to make sure that the procedure will converge, 
the step size is chosen as follows (see, for instance, [1]):  
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where 0.52 )(||=|| kk

δδ ∑  is the Euclidean norm of δ  and kσ  is a scalar that is chosen strictly 
between 0  and 2 . the initial value of σ  is 2 , and it is halved once the Lagrangian objective 
function fails to increase after a long series of iterations. UB  is the surrogate for the optimal 



 

 

Lagrangian objective function value, *L  and it is chosen as the best upper bound, i.e. the total cost 
of the lowest cost feasible ts −  path found thus far in the algorithm. 
  
procedure  solve_lagrangian_dual(Γ ); 
begin    
   ijPji

cz ∑ ∈),(
:= ;  

   0:=λ ;  
   2:=σ ;  
   0:=count ;   
   while P  is not a feasible path and UBz <  and maxTcount <  do  
      2||||)]/([:= δλσθ LUB− ;   
      θδλλ +:= ;   
      Ajiqcc ijkk

p

kijij ∈∀+∑ ),(:=
1=
λ ;   

      P := Shortest path from s  to t  in Γ ;   
      ijPji

cz ∑ ∈),(
:= ;   

      1;:= +countcount    
      if z  has not changed in limT  iterations  then  
         /2:=σσ ;     
      end if 
   end while 
   return ),( Pz ;   
end  

Figure  1: The procedure  solve_lagrangian_dual of the branch and bound algorithm 
   

The pseudocode for the subgradient method to solve the Lagrangian dual problem is given in 
Figure 1. Note that the iterations of the subgradient method may be stopped whenever L(λ)≥UB  
as that means we cannot obtain a better feasible tour than the best existing tour from this branch 
and bound node. We describe the branch and bound algorithm in the next section. The pseudocode 
for the branch and bound algorithm is shown in Figures 2-3. 

  
THE BRANCH AND BOUND ALGORITHM 

 
We start the branch and bound procedure by solving the Lagrangian dual for the original network 
using the subgradient method. If the resulting solution is a feasible path, we might have obtained 
the optimal solution. In order to determine if we have obtained the optimal path, we rely on the 
following lemma: 
 
Lemma 2 (Optimality Conditions) A solution ( **,λx ) to the Lagrangian subproblem )(λL  is 
also an optimal solution to the constrained shortest path problem if and only if: 

 (i) sQx ≤*  
 (ii) 0=)( ** sQx −λ  (Complementary slackness)   
 



 

 

Proof: Condition (i) implies that *x  is a feasible path. Since )(λL  is a lower bound for the 
optimal value of the constrained shortest path problem, we have: )(=)( **** sQxcxLcx −+≥ λλ . 
By condition (ii), we have )(= ** λLcx . □  
 
If this initial solution to the Lagrangian subproblem does not satisfy the optimality conditions, then 
it is either infeasible or feasible but does not satisfy complementary slackness. We then branch on 
one of the arcs. If the solution is feasible, then we branch on the arc (u, v) ϵ P with the highest cuv. 
If the solution is infeasible, then we branch on the arc that is determined as follows:  
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Let us assume that we are branching on arc (i, j). We will create two branches: one in which the 
arc cannot be used for going from i to j and the other in which the arc has to be used for going 
from i to j. The former can be accomplished by removing it from the network, whereas the latter 
can be accomplished by collapsing nodes i and j into one node. Clearly, the two branches are 
mutually exclusive. We then apply the subgradient method to one of the branches that we pick and 
keep repeating this until all of the created branches are fathomed at which time we will have found 
the optimal solution to the resource constrained shortest path problem. If any of the branches has 
a lower bound greater than the cost of the best feasible path, that branch is fathomed because it 
cannot yield a better solution. If any of the branches yields a feasible path and satisfies Lemma 2, 
then that branch is fathomed as well, as we can't find a better solution from that branch. We update 
the best UB if this feasible solution has a lower total cost. 

 
procedure  make_branches(P ); 
begin    
   if P is feasible then 
      )),(,(:=),( ),( Pjicargmaxvu ijji ∈∀  
   else    
      }){0,max(:=),(

1=),( kijk
p

kji qargmaxvu δ⋅∑  
   end  if 
   1G  := G ;   
   2G  := G ;   
   { Create branch 1}   
   Remove ),( vu  from 1G ;   
   { Create branch 2}   
   Collapse u  and v  into one node in 2G  and add uvc  to the fixed cost of 2G ;            
   }{:= 1G∪BB ;   
   }{:= 2G∪BB ;   
end 
  

Figure  2: The procedure  make_branches of the branch and bound algorithm 
 

CONCLUSION 



 

 

 
In this research we propose a Lagrangian relaxation based branch and bound procedure to solve 
the resource constrained shortest path problem. At each node of the branch and bound tree, 
subgradient optimization method is applied to solve the Lagrangian dual problem to obtain a lower 
bound. The proposed method is especially attractive as the entire solution process reduces to a   

 
algorithm  branch_and_bound; 
begin    
   ∞:=UB ;   
   P := Shortest path from s  to t  in G    
   if P is a feasible path then  
      Stop. P is optimal and ijPji

cz ∑ ∈),(
* := ;    

   else  
      ∅=B     
       make_branches;   
      while ∅≠B   :=Ĝ  a branch and bound node from B  do  
         { LB , P } :=  solve_lagrangian_dual( Ĝ )   
         if P is a feasible path then  
            },{min:=

),( ijPji
cUBUB ∑ ∈

;   

             if x , λ  do not satisfy Lemma 2 then   
                  make_branches; 
               end if     
             Ĝ\=BB     
          if UBLB <  then   
              make_branches;    
          end if  
          Ĝ\=BB  
       end if 
     end while 
  end if 
end 
 

Figure  3: The algorithm  branch_and_bound 
   
  

series of unconstrained shortest path problems on progressively smaller networks, which can be 
solved efficiently. It is also attractive due to the fact that Lagrangian relaxation lower bounds are 
typically tighter than LP relaxation lower bounds. We describe the details of the algorithm in this 
paper. Future research will focus on computational testing of the proposed solution procedure as 
compared to the existing methods for the constrained shortest path problem. 
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