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ABSTRACT 
 

This paper uses the estimation of the Self-Excited MultiFractal (SEMF) model as a case study to explore 
the impact of distributional assumptions on the model-fitting process. It is found that incorporating 
reasonable distributional assumptions including a non-zero mean and the leptokurtic Student’s t 
distribution can have a substantial impact on the estimation results that are obtained for the model’s 
parameters and can mean the difference between parameter estimates that imply unstable and potentially 
explosive volatility dynamics versus ones that describe more reasonable and realistic dynamics for the 
returns. The form of the model specification can also have a substantial impact on the estimated value 
for the mean for the process. 
 

INTRODUCTION 
 
Efforts to develop statistical models of stock and other financial returns have been undertaken for well 
over a century, since at least the completion in 1900 of Louis Bachelier’s dissertation entitled “Théorie 
de la spéculation”, in which he modeled stock returns as a “random walk”, which, in discrete time, can 
be described as: 
 

𝑅" = 𝜇 + 𝜀", (1) 

 
where the 𝜀" are presumed to be a series of iid standard Normal variables. Unfortunately, while this 
model can be useful for conceptual purposes, it is sorely inadequate for statistical modeling and risk 
assessment purposes, because the statistical characteristics exhibited by real-world stock returns are 
much too complicated to be adequately captured by such a simple model. 
 
Among the statistical characteristics generally found in financial returns that complicate their adequate 
modeling are a broad range of features including: 
 

• fat tails in the distributions of financial returns, 
• a lack of autocorrelation within the returns themselves, but  
• long memory and clustering within the volatility of the returns, 
• multifractal properties, 
• time reversal asymmetry and the “leverage effect,” and 
• “bubbles” and “crashes.” 

 
The development of the Generalized AutoRegressive Conditional Heteroskedasticity (GARCH) family 
of time-series statistical models [1,2,3] was a step in the right direction in improving upon the simple 



random walk model, but such models can still account for only a portion of the variety of stock return 
characteristics listed above. More recently, and especially over the past decade, an alternative that has 
shown promise and gained increasing attention are multifractal models, which are defined by the scaling 
properties of their moments, and a variety of such models have been developed, including the 
Multifractal Model of Asset Returns (MMAR), the Poisson Multifractal Model (PMM), the Markov-
Switching Multifractal (MSM) model, the Multifractal Random Walk (MRW) model, and Quasi-
Multifractal (QMF) model [4,5,6,7,8,9,10,11,12,13], and, most recently, the Self-Excited Multifractal 
(SEMF) model [14,15,16]. 
 

THE SELF-EXCITED MULTIFRACTAL MODEL 
 
The SEMF model incorporates a conditional volatility with the following form: 
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The SEMF model can readily be viewed as a hybrid between the other multifractal stochastic volatility 
models and the GARCH-type models. The key difference from those models comes from the SEMF’s 
memory kernel, ℎ1, which has a form such as: 
 

ℎ1 = ℎ*𝑒051, (3) 

 
for an exponential kernel or: 
 

ℎ1 = ℎ*𝜏050
8
9, (4) 

 
for a power-law kernel. 
 
Within the process, the parameter ℎ* , where 0 ≤ ℎ* < 1, controls the level of multifractality of the 
process and can be considered a non-stationarity parameter – the closer it is to zero, the more stable and 
constant the process is; the closer it is to one, the greater the degree of non-stationarity of the process. 
This parameter also serves the double-duty of controlling the “leverage” or “skewness” effect within the 
process – if ℎ*  is positive, then negative returns will have a larger impact on subsequent levels of 
volatility than will positive returns, and vice versa. The parameter 𝜑  represents the strength and 
direction of the memory of the process – the greater is 𝜑, the more quickly the memory of the process 
tampers down; the smaller is 𝜑, the longer the memory of the process lasts and the longer it takes for the 
effects of a volatility burst to dissipate; and, if 𝜑 is negative, then the effects of a volatility burst will 
actually increase over time, becoming even greater in magnitude as the process moves further away in 
time from the instigating event. 
 
Compared to GARCH-type models and the other multifractal stochastic volatility models, the SEMF 
model would appear to have the most promise for empirical applications. Unfortunately, applications of 
this model to real-world financial data have seen mixed results. On the one hand, one researcher, Zeeuw 
van der Laan [17], estimates the SEMF model for the daily returns from a variety of financial time series 



from around the world and obtains extremely unrealistic parameter estimates, including very large 
estimated values for ℎ*  and small but negative estimated values for 𝜑 that suggest that such returns 
would be highly non-stationary and subject to explosive volatility patterns. This leads Zeeuw van der 
Laan to reject the original specification of the SEMF model as a potential model for financial returns 
and to propose an alternative specification with a conditional volatility equation that could be viewed as 
a variation of an EGARCH model [18] to replace the original SEMF model. On the other, another team 
of researchers, Zhong and Zhao [19], estimate the SEMF model for daily index returns for the Shanghai 
and Hong Kong stock exchanges and obtain reasonable estimates for the parameters of this model, with 
small values of around 0.05 for the non-stationarity parameter ℎ* and small but positive values for the 
memory dissipation parameter 𝜑. 
 
What is going on? How can these two conflicting sets of results for this otherwise seemingly promising 
model be reconciled? Is the SEMF model a reasonable and feasible model for stock returns, or is it not? 
Ultimately, taking both of these two sets of results into account, it appears that the resolution to this 
question is more likely to lie not in the specification of the conditional volatility equation, which is 
where Zeeuw van der Laan looks in developing his alternative model, but rather in a more basic area 
that Zeeuw van der Laan appears to overlook but to which Zhong and Zhao do devote significant 
attention – the form of the conditional probability distribution underlying the model. 
 

LEPTOKURTOSIS VS. HETEROSKEDASTICITY AND SEMF MODEL PARAMETERS 
 
It is a well-known result that a process whose increments are each Normally distributed but that reflect 
different degrees of variance will, under aggregation, exhibit excess kurtosis. In other words, 
leptokurtosis can be driven by heteroskedasticity across the increments of the process. Thus, in spite of 
the unconditional leptokurtosis observed in the data for which their models were developed, Engle’s 
original ARCH specification as well as both Filimonov and Sornette’s original specification of the 
SEMF model and Zeeuw van der Laan’s application of it all make the typical assumption that the 
increments of their processes are nonetheless conditionally Normally distributed. I.e., they assume that 
all of the observed leptokurtosis within their data sets is driven entirely by the conditional 
heteroskedasticity that their respective models are capturing. As a consequence, though, this means that 
their model specifications require the incorporated conditional volatility equations to be able to 
simultaneously account for not only all of the observed memory but also all of the observed 
leptokurtosis within the processes to which their models are fit. In contrast, Zhong and Zhao’s approach 
appears to follow a two-stage process in which they start their analysis by focusing on the original return 
series (not the conditional innovations from the model) and then fitting a leptokurtic distribution, the 
generalized tempered stable distribution, to the original (or raw) returns themselves. Zhong and Zhao 
then use these fitted distributional parameter values in the likelihood function used to estimate the other 
SEMF model parameters. 
 
But, because Zhong and Zhao fit the extant leptokurtosis first, before the SEMF model parameters are 
estimated, this could lead to the opposite problem from what Zeeuw van der Laan faces. Under Zeeuw 
van der Laan’s applications in which conditional Normality is assumed, the SEMF model parameters are 
required to perform double-duty – accounting for not just the volatility memory within the returns but 
also all of the leptokurtosis among them. Under Zhong and Zhao’s application, however, the SEMF 
model parameters are required to perform only a single function and are actually precluded from 
accounting for any of the observed leptokurtosis, even that which should occur naturally as a 
consequence of the heteroskedasticity for which the SEMF model is supposed to account. 
 



In other words, in comparing the two we are ultimately faced with a “Goldilocks” type of situation in 
which Zeeuw van der Lan’s SEMF model parameters must account for too much leptokurtosis while 
Zhong and Zhao’s SEMF model parameters must account for too little. Thus, the differences in the 
degree of “reasonableness” of the respective parameter estimates that are obtained could clearly be 
driven by the role that leptokurtosis plays in the model specification and estimation process, and the 
correct response to resolving the question of whether the model is reasonable or not is to incorporate a 
potentially leptokurtic conditional distribution, such as the Student’s t distribution, into the SEMF model 
specification and to jointly and simultaneously estimate the Student’s t distributional parameters in 
conjunction with the SEMF volatility equation parameters so that the latter set of parameters can be 
allowed to account for just the right amount of leptokurtosis within the set of financial returns. This 
would further allow us to gain a clearer picture of the extent to which the leptokurtosis in financial 
returns is driven by the conditional heteroskedasticity within these returns (what the volatility equation 
accounts for) versus being an inherent characteristic of these returns that is driven by something deeper. 
 

RESULTS FOR SPY RETURNS 
 
In order to explore this issue further, two variations of an exponential kernel SEMF model, one the 
original version incorporating a Normal conditional distribution and the other version incorporating a 
Student’s t conditional distribution, are fit to a representative financial time series, daily returns for the 
SPDR ETF (SPY) from 1 February 1993 through 8 June 2015. The Student’s t distribution was chosen 
both because it is widely used in financial applications and because it incorporates the Normal 
distribution as a limiting case, as the degrees of freedom for the distribution tends toward infinity. 
 
The parameter estimates obtained for the SPY returns under the conditionally Normal specification are 
as follows: 
 

Parameter Estimated	Value Standard	Error t-statistic p-value 
𝒉𝟎	 0.7405 287.2350 0.0026 0.9979 
𝝋	 -0.0005 0.4711 -0.0010 0.9992 
𝝈𝟎	 1.7432 2395.6400 0.0007 0.9994 

 
As can be seen in this table, the parameter estimates obtained are similar to those found by Zeeuw van 
der Laan. Specifically, the estimate of ℎ* is very large, suggesting a highly non-stationary process, while 
the estimate of 𝜑  is actually negative (albeit insignificantly so), suggesting an explosive volatility 
process. 
 
The estimates obtained under the conditionally Student’s t SEMF specification, on the other hand, paint 
a very different picture: 
 

Parameter Estimated	Value Standard	Error t-statistic p-value 
𝒉𝟎	 0.0716	 0.000014	 4961.33	 0.0000	
𝝋	 0.0191	 0.000005	 3827.87	 0.0000	
𝝈𝟎	 0.0120	 0.000000	 283912.00	 0.0000	
𝝂	 4.5279	 0.000379	 11945.80	 0.0000	

 
These latter results are more consistent with those found by Zhong and Zhao. Specifically, the parameter 
estimates under the conditionally Student’s t specification are all found to have reasonable values, and 
are all of these parameter values are also found to be statistically significant. Among these, ℎ* is found 



to be relatively small, indicating a relatively low degree of non-stationary, and the estimate of 𝜑 is of 
somewhat greater magnitude (as compared to the value found under the Normal SEMF specification) 
and, much more importantly, is positive, which indicates that the memory within the volatility of the 
process dissipates over time, although at a relatively slow rate, in contrast to being explosive with an 
impact that expands in magnitude over time, as would be suggested by a negative value. 
 
In addition, the unconditional standard deviation of the process, 𝜎*, is estimated at 0.0120, which is 
relatively close to the standard deviation for the original returns, 0.0119. Under the Normal SEMF 
specification, this parameter was estimated to be nearly 150 times larger, suggesting that the estimated 
conditional volatility equation under that specification was having a difficult time tracking the volatility 
of the returns. This implies that, since the conditionally Normal specification could not directly account 
for the extreme degree of kurtosis within the original returns, the attempt by the model to nonetheless fit 
the large number of extreme returns within the data leads instead to a dramatic inflation or explosion of 
the estimated volatility, and especially the unconditional volatility, to try to account for these extreme 
returns. In other words, since the model could not do an adequate job of fitting the tails of the 
distribution (which is the key driver of what kurtosis, the 4th central moment, measures), it 
overcompensates by instead adjusting the estimated scale of the distribution (which is what standard 
deviation, or the 2nd central moment, measures). Moreover, as a consequence of the extremely high 
magnitude of the unconditional standard deviation, 𝜎*, that is estimated for the conditionally Normal 
specification, the magnitude of any conditional heteroskedasticity effects that are driven by past returns 
around this unconditional volatility would be proportionately miniscule, so the apparent explosively 
nonstationary dynamics that are suggested by the estimated values of ℎ* and 𝜑 under that specification 
would, in effect, in comparison to the estimated value of 𝜎*, be merely a “tempest in a teapot.” The 
extreme extent of the conditional leptokurtosis that actually exists within the SPY returns is indicated by 
the very low estimated value for 𝜈, the degrees of freedom parameter, under the Student’s t SEMF 
specification. While the Student’s t distribution tends toward the Normal for high degrees of freedom, as 
the degrees of freedom approach four or below, the process becomes so extremely leptokurtic that the 
moments of the distribution cease to be defined. 
 

CONCLUSIONS 
 
These initial results clearly suggest both the promise of the SEMF model as a model for financial time 
series as well as the significant importance that the form of the conditional probability distribution that is 
incorporated into the analysis can play in conducting econometric analysis and interpreting the results 
obtained from the modeling of financial time series, for which the distributional and volatility memory 
assumptions have a complicated and interactive relationship. Additional research documented in [20] 
finds that incorporating the estimation of the mean into the model can also dramatically impact both the 
value that is estimated for the mean itself as well as the estimated values that are obtained for the other 
model parameters. 
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